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Chebyshev approximation problem on K (K C C compact):

Pullic = min{[|Pullx : Pn € Bn}

@ Pn(z) ... Chebyshev polynomial (of degree N) on K

o tn(K) = |Pnllx --. Nt Chebyshev number of K

e cap(K) := Nlim Vitn(K) ... logarithmic capacity of K
—00

o K=A,:={e?:0¢€[-aa]}
B. Eichinger (2017), based on results of Yuditskii:

Representation and asymptotics of 75/\/(2) with complex Green
function for C\ A,



T2n+1(X)
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Abel-Pell equation:

7§2n+1(x) +

(1—x*)(x* ~

T2n+1(X)

32)(X —-cC )Uzn 2(x) =

7A-2n+1(X) = LT2p11(x)
L = t2pia([-1, —a] U[a, 1])

1
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Im(z)

-
Re(x)

} Re(z)
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Im(2)

} Re(z)

Detaille/Thiran 1991:

e!? e-point of Py,(z) «—= cos(%) e-point of Tany1(x)
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Tong1(x) + (1 = x*)(x* = a*)(x* = c*) U3, »(x) =1

Theorem (Sch 2019)

Pon(z) = 2271 2"71/2 (7'2n+1(x) +iv1—x2(x* - 32)u2n_2(X))

is the Chebyshev polynomial of degree 2n on A, where
= %(ﬁ—i— %) with minimum norm

ton(As) = 22"L
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Tong1(x) + (1 = x*)(x* = a*)(x* = c*) U3, »(x) =1

Theorem (Sch 2019)

Pon(z) = 2271 2"71/2 (7'2n+1(x) +iv1—x2(x* - 32)u2n_2(X))

is the Chebyshev polynomial of degree 2n on A, where
= %(ﬁ—i— %) with minimum norm

ton(As) = 22"L

Proof with Kolmogorov criterion based on [Peherstorfer/Sch 2002].
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V1-x% Vopq(%)
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V1-x% Vopq(%)

(1= X)WV, 1(x) + (x* = @) (x* = ) W5, ,(x) =1



(1= X)WV, 1(x) + (x* = @) (x* = ) W5, 5(x) =1

Theorem (Sch2019)

752,,_1(2) = 221 -l <i\/ 1—x2 V2n_1(x) aF (X2 = 32) Wzn_g(x))

is the Chebyshev polynomial of degree 2n — 1 on A., where
X = %(ﬁ + %) with minimum norm

tgn_l(Aa) =221y
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N = 2n:

Pon(z) = 2271 z11/2 (T2n+1(x) iVl X (x3 - 32)u2n,2(x))
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N = 2n:
Pon(z) = 2271 z"1/2 (Bn+1(x) FivVI—x2 (3 - a2)u2n,2(x))
N=2n-1:

752,,,1(2) = 221 gl (i\/ 1—x2Vop-1(x) + (X2 - a2) Wg,,,g(x))
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N = 2n:

Pon(z) = 2271 2"1/2 (Tz,,ﬂ(x) FivVI—x2 (3 - 32)u2n,2(x))
N=2n-1:
Pon1(2) 1= 2712 (VT =52 Vo 1) + (62 = 82) Wap (%))

Tan+1(x), Uzn—2(x), Van—1(x), Wap_2(x):
Representation with Jacobi’s elliptic and theta functions
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Parameter (Modulus) of the Jacobian elliptic and theta functions:

0<k<1
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Jacobian theta functions (defined as Fourier series):

H(u) = H(u, k), Hi(u) = Hi(u, k), ©(u) = ©(u, k), ©1(u) = ©1(u, k)
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Jacobian theta functions (defined as Fourier series):

H(u) = H(u, k), Hi(u) = Hi(u, k), ©(u) = ©(u, k), ©1(u) = ©1(u, k)

Jacobian elliptic functions:

L1 H@) VR H) )
(1) = 72 a5 E e W= YH 5y

sn(u) = sin(u) (for k — 0) sn(u) = tanh(u) (for k — 1)
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Naum llyich Akhiezer (1901-1980):
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Naum llyich Akhiezer (1901-1980):

Im(u)

Im(3),

Do
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Naum llyich Akhiezer (1901-1980):

Im(u)

Im(3),

Compute k from sn(p) = a where p :=

v K
a*(1 —sn?(v))

a? —sn?(u)
H(o + u)
H(o — u)

x? = p(u) =

Qu) :=

Qe
11/19



Compute k from sn(0) = a where g := 51= K

2n+1
82 — sn2 u
X2 — QO(U) — 3(21_ sn2((u)))

H(o + u)

)=\ —w)

12 /19



Compute k from sn(0) = a where g := 51= K

2n+1
a*(1 —sn?(uv))

x* = p(u) = a? —sn?(u)
_ |H(e+u)
) = H(o — u)

Theorem (Sch 2019, Akhiezer 1928)

Tont1(x) = 3(Q(u)*"" + Q(u)—(2"+”)= Re{Q(u)*"*'}
\/(1 — x2)(x2 = 22)(x2 — 2) Upp—a(x)= Im{Q(u)*"*!}
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Compute k from sn(0) = a where g := 51= K

2n+1
a2 (1 —sn?(u
x* = p(u) = 3(2 - ssn2((U)))
_ [H(e+u)
u) = H(o — v)

Theorem (Sch 2019, Akhiezer 1928)

Tant1(x) = 3 (Qu)*™ + Q(u )—(2"“)): Re{Q(u)?"1}
\/(1 — x2)(x2 _ 32)( 2 _ C2) Us, 2 Im{Q(u 2n—|—1}

1 (/0(0)64(0) 2n+1
£= <e<g) el(g)>
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Compute k from sn(g) =a where p:= 3 K

o P ()
<=l = )

H(o + u)
H(o — u)
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o P ()
<=l = )
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Poan(z) = 2271 271/ (7'2,,+1(x) Fiv1— X2 (X2 — a2)u2n_2(x))
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Poan(z) = 2271 271/ (7'2,,+1(x) Fiv1— X2 (X2 — a2)u2n_2(x))

Tona(x) = 1(Q)* + Q(u >*<2n+1>>: Re{Q(u)™"*1)

VL 33) (2 — 2)(x — €2) Unpa(x)= Im{Qu)

=§<ﬁ+\2)

2n+1}

Compute k from sn(p) = a where g := % K

a*(1 —sn?(u))

= ) =
H(e + u)
) H(o — u)
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Plot of y = | P, 1(e"?)|? for 2n — 1 = 11,
a=140°= 7 =24434. . .and 0<fH < a

0.5 1.0 15 20
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Results are valid also for two arcs (with the same length):

Anp = {ei9 20 €[—a,—plU [ﬁ,a]}

z»—>;<ﬁ+\2> =X
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Results are valid also for two arcs (with the same length):

Anp = {ei9 20 €[—a,—plU [ﬁ,a]}
1 1
zZ— 5(\/24- $> =X

(z:eia:x:cos(%)::a z=¢" = x = cos(

N[

)= b)
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Results are valid also for two arcs (with the same length):

oaﬁ _{ele 06[ O‘_B]U[ﬁaa]}

e )=

(z:eia:x:cos(%)—'a z=¢e" = x = cos(

N[

)= b)

Im(z)

=Y

=

16/19



0(0) @1(0)>N+1

tn(Aa) = [|Pnlla, = (e(g)el(@)
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e<o>el(o>>”“

() = [7nl, = (S92

where (recall a = cos($))

sn(p) =a where g := ﬁ’C
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e<o>el<o>>”“

() = [7nl, = (S92

where (recall a = cos($))

~
Il
5]
3
=
0]
=
(0]

s
Il
S

sn(o

t(da) ~ (VI= )" 152 s oo
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0(0) @1(0)>”“

() = [7nl, = (S92

where (recall a = cos($))

sn(g) = a where p = ﬁlC

Theorem (Sch 2019, Akhiezer 1956 without proof)

tN(Aa)N(\/l—az)NH-\/g as N — oo

Proof: Note that N — co <= k — 1. Using results of
[Carlson/Todd 1983], we proved that
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N+1
tn(Aa) = HﬁNHAa - (gggigg;)

where (recall a = cos($))

~
Il
5]
3
=
0]
=
(0]

s
Il
S

sn(o

t(da) ~ (VI= )" 152 s oo

Proof: Note that N — co <= k — 1. Using results of
[Carlson/Todd 1983], we proved that

O(u) cosh(u) - exp(O klz ))
5(0) _ exp(”—) as k—1
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1+a
1—a

tn(As) ~ (V1-— a2)N+1 . as N — oo
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tN(Aa)N(\/l—a2)N+l‘ Lra as N — oo

1—a

a = cos(5)
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1+a
1—a

tn(Aa) ~ (V1—2a2)""T
a = cos(5)

tn(Aa) ~ (sin )" - (1+ cos(2))

as N — oo

as N — oo
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tN(Aa)N(\/l—a2)N+l‘ Lra as N — oo

1—a

a = cos(5)
tn(Aa) ~ (sin %)N (L+cos(§)) asN—oo

cap(Aq) == lim {/ty(Aq) =sin§

N—oo
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tN(Aa)N(\/l—az)N+l‘ Lra as N — oo

1—a

a = cos(5)
tn(Aa) ~ (sin %)N (L+cos(§)) asN—oo

cap(Aq) == lim {/ty(Aq) =sin§

N—oo

tN(Aa)

WN1+COS(%) aSN—>OO
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tN(Aa)N(\/l—az)N+l‘ Lra as N — oo

1—a

a = cos(5)

tn(Aa) ~ (sin %)N (L+cos(§)) asN—oo

Ay) = lim Ytn(As) =sin 2
cap(Aa) Jim tn(Aa) = sin §
tn(Aa)

A Pe) g a -
cap(AL)P +cos(5) as N — oo

See also Eichinger (2017).
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~1+cos(§) asN— oo

Conjecture:

tn(Aa)
ol <1+ cos(2)

max{1,2cos(5)} < cap(Aa)V
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tN(Aa)

— =~ 1 2 as N —
cap(As)N + cos(5) 00

Conjecture:

tn(Aq)
o < 14cos($)

max{1,2cos(5)} < cap(Aa)V

Thank you for your attention!
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