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General Theme

General theme: inverse problems of the following form:

u € X unknown

Tu € Y a transform (physical system, e.g. sol of a PDE) inversitble
Tu only partially known

Is u still uniquely determined?

If yes, is it stable.
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Starting point

Theorem (Sjolin/Kellay-J.)

u sol. of Schrédinger equation

owu(t, x) + id2u(t,x) =0,  (t,x)eR. xR
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Starting point

Theorem (Sjolin/Kellay-J.)
u sol. of Schrédinger equation

owu(t, x) + id2u(t,x) =0,  (t,x)eR. xR

+ Up := U(O,X), Uo € L (R)
u(t,at)=u(t,bt) =0=u=0.

But recovery of uy from u(t, at) = u(t, bt) = 0 (most likely) unstable

/ uo(x)Palx < / u(t, at)? + |u(t, bt) Pt
R R

does not hold...
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1D periodic Schrodinger

Ut + iuxy =0 inR x (0,27),
u(t,0)=u(t,2r) forteR,
ux(t,0) = ux(t,27) forte R,
u(0, x) = up(x) for x € (0, 2m).
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1D periodic Schrodinger

Ut + iuxy =0 inR x (0,27),
u(t,0)=u(t,2r) forteR, )
ux(t,0) = ux(t,27) forte R,

u(0, x) = up(x) for x € (0, 2m).

Up € L2(0,21) = Up(X) = Y ey CkE™.

u(t, x) = Z Ckeik2reikx
keZ

extend as 27-periodic in x.
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1D periodic Schrodinger

u(t,x) =Y cke™te™
ket
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1D periodic Schrodinger

u(t,x) =Y cke™te™
ket

Parseval:
2
0 " Jup(x)|2dx = > kez |cx[?
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1D periodic Schrodinger
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1D periodic Schrodinger

Parseval:

u(t,x) =Y cke™te™

keZ

2 2
o7r |Uo(x)[?dx = > kez o [? = > kez e

2T
- / u(x, to)|2clx.
0

t
e
0 1
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1D periodic Schrodinger

u(t,x) =Y cke™te™

keZ

Parseval:
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o7r |Uo(x)[?dx = > kez o [? = > kez e

2T
- / u(x, to)|2clx.
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1D periodic Schrodinger - Main result

Theorem (J.-Komornik)

(t,x1) €R2, acRand T >0, uy € L2(/).
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1D periodic Schrodinger - Main result

Theorem (J.-Komornik)
(t1,xq) eR?, acRand T >0, up € L2(/).
@ Direct inequality

.
/ u(t + t,x1 — at)|?dt < |exf?.
0 keZ

@ a ¢ Z: inverse inequality

)
Slo < [ lut+ tx - af ot @
keZ L
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1D periodic Schrodinger - Main result

Theorem (J.-Komornik -continued)
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1D periodic Schrodinger - Main result

Theorem (J.-Komornik -continued)

(t1,x1) €R%,acRand T >0, uy € L>()).
@ ac Z: weak inverse inequality,dy := c,e/(k*ti+kx)

)
| lut 4t - anfar= Yl de @)
0 KEeZ
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1D periodic Schrodinger - Main result

Theorem (J.-Komornik -continued)

(t1,x1) €R%,acRand T >0, uy € L>()).
@ ac Z: weak inverse inequality,dy := c,e/(k*ti+kx)
T 2 2
| lut 4t - anfar= Yl de @)
0 kezZ
Juo,
ulty +t,xy —at)y=0 forall €R, (4)
= (2) fails.
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Main tool: Ingham inequality

A c RY, uniformly separated if

’y(/\) = inf{‘)q — /\2| S ML, EN and \4 7& )\2} >0
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Theorem (Ingham-Kahane)

2|

A= JA, v(A) >0, U C RY open bounded
j=1

Philippe Jaming (Bordeaux) Moving and oblique observations

Budapest, August 2019 8/21



Main tool: Ingham inequality

A C RY, uniformly separated if
7(/\) = inf{|)\1 — )\2’ DA, A2 € Aand N\ 75 )\2} >0

Theorem (Ingham-Kahane)

2|

A= JA, v(A) >0, U C RY open bounded

j=1
u(x) =Y cre'™X

AeN

Philippe Jaming (Bordeaux) Moving and oblique observations

Budapest, August 2019 8/21



Main tool: Ingham inequality

A C RY, uniformly separated if
7(/\) = inf{|)\1 — )\2’ DA, A2 € Aand N\ 75 )\2} >0

Theorem (Ingham-Kahane)

2|

A= JA, v(A) >0, U C RY open bounded

j=1
u(x) =Y cre'™X

AeN

/M () Pax < Y a2

AEA

Philippe Jaming (Bordeaux) Moving and oblique observations

Budapest, August 2019



Main tool: Ingham inequality

A C RY, uniformly separated if

7(/\) = inf{|)\1 — )\2‘ DA, A2 € Aand N\ 75 )\2} >0

Theorem (Ingham-Kahane)

N
A= U A, () > 0, U C R? open bounded
j=1
u(x) =Y cre'™X
Neh
NG
If A uniformly discrete and U 2y
= ()
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Main tool: Ingham inequality

A C RY, uniformly separated if

7(/\) = inf{|)\1 — )\2‘ DA, A2 € Aand N\ 75 )\2} >0

Theorem (Ingham-Kahane)

N
A= JA, v(A) >0, U C RY open bounded

j=1
u(x) =Y cre'™X
NeA
N

If N uniformly discrete and U 2, L

=il

/M u(x)Pax ~ 3 [oy 2

AEA
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Sketch of proof

u(ty +t,xy —at) = chei(k2(t1+t)+k(x1fat))
keZ

= Z dkei(khak)t_
kez
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Sketch of proof

u(ty +t,xy —at) = chei(k2(t1+t)+k(x1fat))
keZ

_ Z d ek =akt
kez

N={k®—ak kecZ}={(k®—a/2?-a/4:kcZ} = N U A_
~—~— ~—~
k>a/2 k<a/2
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Sketch of proof

U(t1 + t7 X — at) — Z Ckei(k2(t1+t)+k(X1 —at))
keZ
_ Z dkei(kz—ak)t.
keZ
N={k®—ak kecZ}={(k®—a/2?-a/4:kcZ} = N U A_
~ =~
k>a/2 k<a/2
A+ uniformly sepatated
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Sketch of proof

u(ty +t,xy —at) = chei(k2(t1+t)+k(x1fat))
keZ

_ Z d ek =akt
kez

N={k®—ak kecZ}={(k®—a/2?-a/4:kcZ} = N U A_
~ =~
k>a/2 k<a/2

A+ uniformly sepatated YN, Ay = Fy U [%

~ =
finite  ~4(-)>N
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Sketch of proof

@ Case 1: a ¢ Z A uniformly discrete
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Sketch of proof

@ Case 1: a ¢ Z A uniformly discrete

|(k® — ak) — (m? — am)| = |k — m||k + m — a| > dist(a,Z)
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Sketch of proof

@ Case 1: a ¢ Z A uniformly discrete
|(k® — ak) — (m? — am)| = |k — m||k + m — a| > dist(a,Z)
@ Case2:acZ

u(ty + t,x — at) = da/ze_i(a2/4)t+ Z (di + da_k)ei(kz—ak)t
keZ,k>a/2
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Fixing lack of uniqueness

Theorem (J.-K.)

T>0,(t,x1), (b, x) €R?, a1 #ap € Z
Q

ulh +t,xy —ait) =u(b+t,xo —apt)=0 te(0,T7),

then ug = 0.
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Fixing lack of uniqueness

Theorem (J.-K.)
T>0, (t1,X1),(t2,X2) € RZ, a 75 a €7

0
ulh +t,xy —ait) =u(b+t,xo —apt)=0 te(0,T7),
then ug = 0.
Z|Ck| <</ u(ty +t, xq —a1t)|2+|u(t2+t,x2—a2t)|2dt
KEeZ
fails.

@ (t,x)€R? ay,...,an € Z. This also fails

|Ck| <<Z/ t1+tx1—a,)| at
EZ

k
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Uty +t,x — at) = 0 = di + da_k = 0 With dj := ¢ e/(K*tihx)
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Uty +t,x — at) = 0 = di + da_k = 0 With dj := ¢ e/(K*tihx)
|Ck| = |dk| = [da—k| = |Ca—xkl-

U(tg +t, X0 — bt) =0= |Ck| = |Cb—k|-
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Uty +t,x — at) = 0 = di + da_k = 0 With dj := ¢ e/(K*tihx)
ekl = [dk| = [da—k| = |Ca—kl-

U(tg +t, X0 — bt) =0= |Ck| = |Cb—k|-

= |Ck| = [Ca—(a—btk)|= [Ca—bikl-

Contradicts |ck| € ¢ unless ¢cx = 0 Vk.
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Beam equation

((Ugt + Uox = 0 inR x (0,27),

u(t,0) =u(t,2r) forteR,

ux(t,0) = ux(t,2m) forte R,

u(0, x) = up(x) for x € (0,27), Uy € H?
Lui(0, X) = u1(x) for x € (0,27) wuy € L2
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Beam equation

((Ugt + Uox = 0 inR x (0,27),

u(t,0) =u(t,2r) forteR,

ux(t,0) = ux(t,2m) forte R,

u(0, x) = up(x) for x € (0,27), Uy € H?
Lui(0, X) = u1(x) for x € (0,27) wuy € L2

u(t,x)=cg +cgt+ > (Cljei(kzwrkx) n C;ei(—k2t+kx))
kez*
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Beam equation

((Ugt + Uox = 0 inR x (0,27),

u(t,0) =u(t,2r) forteR,

ux(t,0) = ux(t,2m) forte R,

u(0, x) = up(x) for x € (0,27), Uy € H?
u(0, x) = uy(x) for x € (0,27) wuy € L2

u(t,x)=cg +cgt+ > (Cljei(kzwrkx) n C;ei(—k2t+kx))
kez*

S+ KOt P+ [ec [P) = HluolZg + llus .
keZ
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Beam equation - horizontal segments

Theorem (J.-K.)

X
l::/o u(tr, ) + |u(te, X)[2 ok <y (I6f 12 + |6 2)
keZ
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Beam equation - horizontal segments

Theorem (J.-K.)

X
/;:/ u(t, )2 + |u(to, )P dx < S (1612 + leg )
0 KEZ
2leg P+ lcy P+ sin? kK2t — )(I6f 2 + |6 [%)
keZ*
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Beam equation - horizontal segments

Theorem (J.-K.)

X

/;:/ u(t, )2 + |u(to, )P dx < S (1612 + leg )
0 kezZ
2legP+lcg P+ ) sin? K3t — ) (e 2 + ¢ 1P)
kezx*

(b—t)/meQ3uy,u1 #0s.t. =0

(b—t)/r¢Q,I=0=uUuy=u; =0

the following fails

o
o
o

12> (e P +1cc P

KeZ
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Beam equation - horizontal segments

Theorem (J.-K.)

X

/;:/ u(t, )2 + |u(to, )P dx < S (1612 + leg )
0 kezZ
2legP+lcg P+ ) sin? K3t — ) (e 2 + ¢ 1P)
kezx*

(b—t)/meQ3uy,u1 #0s.t. =0

(b—t)/r¢Q,I=0=uUuy=u; =0

the following fails

o
o
o

12> (e P +1cc P

KeZ

. 2 2
‘xe’a +ye '@ —ib|" > (]x\z + !y!z)sinz(a —b)

+ ’xe"b + ye
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Beam equation - oblique segments

u(lo + t, xo — at) = dg' + do—t + Z (dlj-ei(k2_ak)t + dk—ei(—k2_ak)t> 7
keZx
with
df ==cf +coto, dy :=c¢y

and , ,
+ . At I(k t0+kX0) — e A i(,k to+kX0)
d. =cie , d.:=ce
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Beam equation - oblique segments

u(lo + t, xo — at) = dg' + do—t + Z (dlj-ei(k2_ak)t + dk—ei(—k2_ak)t> 7
keZx

with
+._ ot 4o — . o
ay =¢C +¢ b, dy:=¢

and , ,
+ . At I(k t0+kX0) — i A i(,k to+kX0)
d. =cie , d.:=ce

S (a2 + (o [?) = (e P + e ) -

keZ keZ
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A family of circles

acR, S, C R? circle centered in (a/2, —a/2) through (0, 0).
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A family of circles

acR, S, C R? circle centered in (a/2, —a/2) through (0, 0).
Aa = S,N7Z?%\ {(0,0)}.

@ |Al < V2rla.
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A family of circles

acR, S, C R? circle centered in (a/2, —a/2) through (0, 0).
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@ Ifaez* then(a,—a) € Az
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A family of circles

acR, S, C R? circle centered in (a/2, —a/2) through (0, 0).
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Q |A4 < V2nal.

@ Ifae Z* then (a,—a) € Az# 0.

@ Ifa¢gQ,Az=10
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A family of circles

acR, S, C R? circle centered in (a/2, —a/2) through (0, 0).
Aa = S,N7Z?%\ {(0,0)}.

Q |A4 < V2nal.

@ Ifae Z* then (a,—a) € Az# 0.

@ IfagQ, Az=10: (k,m)eAaéa:MeQ.

k—m
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A family of circles

acR, S, C R? circle centered in (a/2, —a/2) through (0, 0).
Aa = S,N7Z?%\ {(0,0)}.

|Aal < V2rlal.
If a € Z*, then (a, —a) € Az# 0.
IfadQ, A= 0: (k,m)eAaéazM €Q.

k—m
If (m,n),(mn’)eAa=n=n
If (m,n),(m',n)eAa=m=nm'

6 6 66
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Beam equation: two oblique segments/ a graph
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Beam equation: one oblique segment

Theorem

(t;,x1) eR?,acRand T >0

4 2 _|_2 _ 2
Q / u(ty + t,x; — at)| dt<<2(|ck\ +|ck})
0

kezZ
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Beam equation: one oblique segment

(t;,x1) eR?,acRand T >0

4 2 _|_2 12
Q / lu(ty + t,x; — at)| dt<<2(|ck\ +|ck})
0

keZ
@ Ifat0andA;=9 (eg. a¢ Q),

> (et +lec ) < | Ju(ts + - anf®

keZ
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Beam equation: one oblique segment

Theorem

(t;,x1) eR?,acRand T >0

4 2 _|_2 _ 2
Q / u(ty + t,x; — at)| dt<<2(|ck\ +|ck})
0

keZ
@ Ifat0andA;=9 (eg. a¢ Q),

> (et +lec ) < | Ju(ts + - anf®

keZ

@ acZorAs#9,3ust u(ty +t,x3—at)=0.
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Beam equation: one oblique segment

u(ty +t, xo — at) = daL + dat + Z (d;rei(k2_ak)t + d/:ei(—k2_ak)t) ’
kez*
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Beam equation: one oblique segment

u(ty +t, xo — at) = daL + dat + Z (d;rei(k2_ak)t + d/:ei(—k2_ak)t) ’
kez*

Ingham-Kahane =

)
/ Ut + t,x1 — at)2dt =
0
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Beam equation: one oblique segment

u(ty +t, xo — at) = daL + dat + Z (d;rei(k2_ak)t + d/:ei(—k2_ak)t) ’
kez*

Ingham-Kahane =
-
/ Ut + t,x1 — at)2dt =
0

2
ZkeZ\Aa+ ‘dlﬂ Ay = Nx(Aq)
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Beam equation: one oblique segment

u(ty +t, xo — at) = daL + dat + Z (d;rei(k2_ak)t + d/:ei(—k2_ak)t) ’
kez*

Ingham-Kahane =
-
/ Ut + t,x1 — at)2dt =
0

2
ZkeZ\Aa+ ‘dlﬂ Ay = Nx(Aq)
2 _
+ 2 men\A; || Az =Ty(Aa)

—12
+ 2k m)e A |dj + |
possible trouble from 3rd term
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Beam equation: one oblique segment

u(ty +t, xo — at) = daL + dat + Z (d;rei(k2_ak)t + d/:ei(—k2_ak)t)
kez*

Ingham-Kahane =
-
/ Ut + t,x1 — at)2dt =
0

2
ZkeZ\Aa+ ‘dlﬂ Ay = Nx(Aq)
2 _
+ 2 men\A; || Az =Ty(Aa)

—12
2k mca, |Gk + dn .
possible trouble from 3rd term — get rid of it with a second segment

9
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Beam equation: two oblique segments

T T
/ lu(t + £, x1 — at)]zdt+/ lu(ty + t,x; — bt)|? dt <
0 0

+ 12
> Zke(Z\A;t)u(Z\AgE) |dk ‘
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Beam equation: two oblique segments

T T
/ lu(t + £, x1 — at)]zdt+/ lu(ty + t,x; — bt)|? dt <
0 0

+ 12
> Zke(Z\A;t)u(Z\AgE) |dk ‘

2
+ Z(m,n)eAaUAb ‘dlj_ + dm‘

Philippe Jaming (Bordeaux) Moving and oblique observations Budapest, August 2019 20/21



Beam equation: two oblique segments

T T
/ lu(t + £, x1 — at)]zdt+/ lu(ty + t,x; — bt)|? dt <
0 0

+ 12
> Zke(Z\A;t)u(Z\AgE) |dk ‘

_2
+ Z(m,n)eAaUAb ‘dlj_ + dm‘
We want

> ldiranl= 3 [ el

(m,n)€AUA, (m,n)eAaUAL
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Beam equation: two oblique segments

T T
/ lu(t + £, x1 — at)]zdt+/ lu(ty + t,x; — bt)|? dt <
0 0

+ 12
> Zke(Z\A;t)u(Z\AgE) |dk ‘

2
+ Z(m,n)eAaUAb ‘dlj_ + dm‘
We want

> ldiranl= 3 [ el

(m,n)€AUA, (m,n)eAaUAL

These are 2 quadratic forms in the finite number of variables d;f, d,,
(k,m) € AgU Ap.
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Beam equation: two oblique segments

T T
/ lu(t + £, x1 — at)]zdt+/ lu(ty + t,x; — bt)|? dt <
0 0

+ 12
> Zke(Z\A;t)u(Z\AgE) |dk ‘

_2
+ Z(m,n)eAaUAb ‘dlj_ + dm‘
We want

> ldiranl= 3 [ el

(m,n)€AUA, (m,n)eAaUAL

These are 2 quadratic forms in the finite number of variables d;f, d,,
(k,m) € AgU Ap.
Prove the first one is hon-degenerate.
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Beam equation: two oblique segments/ a graph
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