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General Theme

General theme: inverse problems of the following form:
u ∈ X unknown
Tu ∈ Y a transform (physical system, e.g. sol of a PDE) inversitble
Tu only partially known
Is u still uniquely determined?
If yes, is it stable.
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Starting point

Theorem (Sjölin/Kellay-J.)
u sol. of Schrödinger equation

∂tu(t , x) + i∂2
x u(t , x) = 0, (t , x) ∈ R+ × R

+ u0 := u(0, x), û0 ∈ L1(R)
u(t ,at) = u(t ,bt) = 0⇒ u = 0.

But recovery of u0 from u(t ,at) = u(t ,bt) = 0 (most likely) unstable∫
R
|u0(x)|2dx .

∫
R
|u(t ,at)|2 + |u(t ,bt)|2dt

does not hold...
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1D periodic Schrödinger


ut + iuxx = 0 in R× (0,2π),

u(t ,0) = u(t ,2π) for t ∈ R,
ux (t ,0) = ux (t ,2π) for t ∈ R,
u(0, x) = u0(x) for x ∈ (0,2π).

(1)

u0 ∈ L2(0,2π)⇒ u0(x) =
∑

k∈Z ckeikx .

u(t , x) =
∑
k∈Z

ckeik2teikx

extend as 2π-periodic in x .
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1D periodic Schrödinger

u(t , x) =
∑
k∈Z

ckeik2teikx

Parseval:∫ 2π
0 |u0(x)|2dx =

∑
k∈Z |ck |2 =

∑
k∈Z |ckeik2t0 |2

=

∫ 2π

0
|u(x , t0)|2dx .

0 1

6
t

t0

0 1

6
t

t0

0 1

6
t

t1

x1
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1D periodic Schrödinger - Main result

Theorem (J.-Komornik)

(t1, x1) ∈ R2, a ∈ R and T > 0, u0 ∈ L2(I).
Direct inequality∫ T

0
|u(t1 + t , x1 − at)|2 dt �

∑
k∈Z
|ck |2.

a /∈ Z: inverse inequality

∑
k∈Z
|ck |2 �

∫ T

0
|u(t1 + t , x1 − at)|2 dt (2)
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1D periodic Schrödinger - Main result

Theorem (J.-Komornik -continued)

(t1, x1) ∈ R2, a ∈ R and T > 0, u0 ∈ L2(I).

a ∈ Z: weak inverse inequality,dk := ckei(k2t1+kx1)

∫ T

0
|u(t1 + t , x1 − at)|2 dt �

∑
k∈Z
|dk + da−k |2, (3)

∃u0,
u(t1 + t , x1 − at) = 0 for all ∈ R, (4)

⇒ (2) fails.
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Main tool: Ingham inequality

Λ ⊂ Rd , uniformly separated if

γ(Λ) := inf {|λ1 − λ2| : λ1, λ2 ∈ Λ and λ1 6= λ2} > 0
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Sketch of proof

u(t1 + t , x1 − at) =
∑
k∈Z

ckei(k2(t1+t)+k(x1−at))

=
∑
k∈Z

dkei(k2−ak)t .

Λ = {k2 − ak : k ∈ Z} = {(k2 − a/2)2 − a2/4 : k ∈ Z} = Λ+︸︷︷︸
k≥a/2

∪ Λ−︸︷︷︸
k<a/2

Λ± uniformly sepatated ∀N, Λ± = F±N︸︷︷︸
finite

∪ Γ̃±N︸︷︷︸
γ(·)>N
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Sketch of proof

Case 1: a /∈ Z Λ uniformly discrete

|(k2 − ak)− (m2 − am)| = |k −m||k + m − a| ≥ dist(a,Z)

Case 2: a ∈ Z

u(t1 + t , x1 − at) = da/2e−i(a2/4)t +
∑

k∈Z,k>a/2

(dk + da−k )ei(k2−ak)t
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Fixing lack of uniqueness

Theorem (J.-K.)

T > 0, (t1, x1), (t2, x2) ∈ R2, a1 6= a2 ∈ Z
(i)

u(t1 + t , x1 − a1t) = u(t2 + t , x2 − a2t) = 0 t ∈ (0,T ),

then u0 = 0.

∑
k∈Z
|ck |2 �

∫ T

0
|u(t1 + t , x1 − a1t)|2 + |u(t2 + t , x2 − a2t)|2 dt

fails.
(ii) (t1, x1) ∈ R2, a1, . . . ,am ∈ Z. This also fails

∑
k∈Z
|ck |2 �

m∑
i=1

∫ T

0
|u(t1 + t , x1 − ai t)|2 dt

Philippe Jaming (Bordeaux) Moving and oblique observations Budapest, August 2019 11 / 21



Fixing lack of uniqueness

Theorem (J.-K.)

T > 0, (t1, x1), (t2, x2) ∈ R2, a1 6= a2 ∈ Z
(i)

u(t1 + t , x1 − a1t) = u(t2 + t , x2 − a2t) = 0 t ∈ (0,T ),

then u0 = 0.

∑
k∈Z
|ck |2 �

∫ T

0
|u(t1 + t , x1 − a1t)|2 + |u(t2 + t , x2 − a2t)|2 dt

fails.
(ii) (t1, x1) ∈ R2, a1, . . . ,am ∈ Z. This also fails

∑
k∈Z
|ck |2 �

m∑
i=1

∫ T

0
|u(t1 + t , x1 − ai t)|2 dt

Philippe Jaming (Bordeaux) Moving and oblique observations Budapest, August 2019 11 / 21



Proof

u(t1 + t , x1 − at) = 0⇒ dk + da−k = 0 with dk := ckei(k2t1+kx1)

|ck | = |dk | = |da−k | = |ca−k |.
u(t2 + t , x2 − bt) = 0⇒ |ck | = |cb−k |.
⇒ |ck | = |ca−(a−b+k)|= |ca−b+k |.
Contradicts |ck | ∈ `2 unless ck = 0 ∀k .
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Beam equation



utt + uxxxx = 0 in R× (0,2π),

u(t ,0) = u(t ,2π) for t ∈ R,
ux (t ,0) = ux (t ,2π) for t ∈ R,
u(0, x) = u0(x) for x ∈ (0,2π), u0 ∈ H2

ut (0, x) = u1(x) for x ∈ (0,2π) u1 ∈ L2.

u(t , x) = c+
0 + c−0 t +

∑
k∈Z∗

(
c+

k ei(k2t+kx) + c−k ei(−k2t+kx)
)

∑
k∈Z

(1 + k4)(
∣∣c+

k

∣∣2 +
∣∣c−k ∣∣2) � ‖u0‖2H2

p
+ ‖u1‖2L2 .
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Beam equation - horizontal segments

Theorem (J.-K.)

I :=

∫ X

0
|u(t1, x)|2 + |u(t2, x)|2 dx �

∑
k∈Z

(|c+
k |

2 + |c−k |
2)

& |c+
0 |

2 + |c−0 |
2 +

∑
k∈Z∗

sin2 k2(t1 − t2)(|c+
k |

2 + |c−k |
2)

1 (t2 − t1)/π ∈ Q ∃u0,u1 6= 0 s.t. I = 0
2 (t2 − t1)/π /∈ Q, I = 0⇒ u0 = u1 = 0
3 the following fails

I &
∑
k∈Z

(|c+
k |

2 + |c−k |
2)

∣∣∣xeia + ye−ia
∣∣∣2 +

∣∣∣xeib + ye−ib
∣∣∣2 ≥ (|x |2 + |y |2) sin2(a− b)
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Beam equation - oblique segments

u(t0 + t , x0 − at) = d+
0 + d−0 t +

∑
k∈Z∗

(
d+

k ei(k2−ak)t + d−k ei(−k2−ak)t
)
,

with
d+

0 := c+
0 + c−0 t0, d−0 := c−0

and
d+

k := c+
k ei(k2t0+kx0), d−k := c−k ei(−k2t0+kx0)

∑
k∈Z

(∣∣d+
k

∣∣2 +
∣∣d−k ∣∣2) �∑

k∈Z

(∣∣c+
k

∣∣2 +
∣∣c−k ∣∣2) .
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A family of circles

a ∈ R, Sa ⊂ R2 circle centered in (a/2,−a/2) through (0,0).
Aa = Sa ∩ Z2 \ {(0,0)}.

(i) |Aa| ≤
√

2π|a|.
(ii) If a ∈ Z∗, then (a,−a) ∈ Aa 6= ∅.
(iii) If a /∈ Q, Aa = ∅: (k ,m) ∈ Aa ⇒ a = k2+m2

k−m ∈ Q.
(iv) If (m,n), (m,n′) ∈ Aa ⇒ n = n′

If (m,n), (m′,n) ∈ Aa ⇒ m = m′
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Beam equation: two oblique segments/ a graph

−4 −3 −2 −1 1 2 3

−2

−1

1

2

3

4

5

0

K

K ′

M′

M
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Beam equation: one oblique segment

Theorem

(t1, x1) ∈ R2, a ∈ R and T > 0

(i)

∫ T

0
|u(t1 + t , x1 − at)|2 dt �

∑
k∈Z

(∣∣c+
k

∣∣2 +
∣∣c−k ∣∣2)

(ii) If a 6= 0 and Aa = ∅ (e.g. a /∈ Q),

∑
k∈Z

(∣∣c+
k

∣∣2 +
∣∣c−k ∣∣2)� ∫ T

0
|u(t1 + t , x1 − at)|2 dt

(iii) a ∈ Z or Aa 6= ∅, ∃u s.t. u(t1 + t , x1 − at) = 0.
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Beam equation: one oblique segment

u(t0 + t , x0 − at) = d+
0 + d−0 t +

∑
k∈Z∗

(
d+

k ei(k2−ak)t + d−k ei(−k2−ak)t
)
,

Ingham-Kahane⇒ ∫ T

0
|u(t1 + t , x1 − at)|2 dt �

∑
k∈Z\A+

a

∣∣d+
k

∣∣2 A+
a = Πx (Aa)

+
∑

m∈Z\A−a

∣∣d−m ∣∣2 A−a = Πy (Aa)

+
∑

(k ,m)∈Aa

∣∣d+
k + d−m

∣∣2
possible trouble from 3rd term→ get rid of it with a second segment.
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∑
k∈Z\A+

a

∣∣d+
k

∣∣2 A+
a = Πx (Aa)

+
∑

m∈Z\A−a

∣∣d−m ∣∣2 A−a = Πy (Aa)

+
∑

(k ,m)∈Aa

∣∣d+
k + d−m

∣∣2
possible trouble from 3rd term→ get rid of it with a second segment.
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Beam equation: two oblique segments

∫ T

0
|u(t1 + t , x1 − at)|2 dt +

∫ T

0
|u(t1 + t , x1 − bt)|2 dt �

∑
±
∑

k∈(Z\A±a )∪(Z\A±b )

∣∣d±k ∣∣2
+
∑

(m,n)∈Aa∪Ab

∣∣d+
k + d−m

∣∣2
We want ∑

(m,n)∈Aa∪Ab

∣∣d+
k + d−m

∣∣2 � ∑
(m,n)∈Aa∪Ab

∣∣d+
k

∣∣2 +
∣∣d−m ∣∣2

These are 2 quadratic forms in the finite number of variables d+
k ,d

−
m ,

(k ,m) ∈ Aa ∪ Ab.
Prove the first one is non-degenerate.
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Beam equation: two oblique segments/ a graph
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