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Preliminaries

I C R - interval, w - weight function on I = {p,} - orthogonal polynomials w.r.t.

w on 1.
-degpp, =n, n=0,1,..., Py :=span{pg,...,pn—1} C P, polynomials
of degree <n — 1.
- pn has n distinct zeros in I, z1,...,2n.

- LPn — Apn4-1Pn+1 + bnpn + anpp—1-
- 7 L?(w) — P, with kernel

n—1
Kn(z,y) = > pr(x)pr(y).
k=0

w(x)dz

nin(w, x)

1 2 1
Up i= — Z 0z, dun(x) ' = —Kp(z,z)w(z)dr =
n n



Some results w.r.t. Ordinary Orthogonal Polynomials

- If the recurrence coefficients a,, — a > 0, b, — b, then

1
n a d — d — e b_2 ,b 2
Vo —wab(@)dT /bt 2a—2)@ —b+t 2a) pe(lb = 2a,b + 2al)

(Van Assche)
- suppp C C(0,1) or suppu C [—1,1] + Szegd condition, then

Mn — He-
(Maté, Nevai, Totik)

- Szegd condition fulfils on a subinterval 4+ "regularity” (Stahl, Totik)
- On arcs, curves (V.Totik)
- Compact sets (regular to the Dirichlet problem) (B. Simon)

(pn — vn) Y5 0.

- Real OP ensembles having 3-term recurrence relation (A. Hardy)



Exceptional Orthogonal Polynomials

Tyl =py" +qy +ry =Ny

Ao, A1, ... eigenvalues, po,p1,... polynomial eigenfunctions, degp, =

U

p, q, . polynomials; pn: Hermite, Laguerre, Jacobi

7?2 degppn>n, n=0,1,... 7

n,n=20,1,...

(Bochner)



Definition.

Exceptional polynomials means a co-finite real-valued polynomial se-
quence {p;}, where from the sequence of degrees finite indices (kq, ..., km)
are missing provided

(1) The polynomials are eigenfunctions of a differential operator of
second order with rational coefficients.

(2) There is an interval I and a positive weight function W on I with
finite moments and at the endpoints of I ppW — O, where p is the
coefficient of the second derivative in the differential operator.

(3) The vector space spanned by the elements of the sequence is
dense in the weighted space L2(W,I).



Construction.(Garcia-Ferrero, Gomez-Ullate, Milson, JMAA, 2019.)

All families of exceptional polynomials can be got from the classical ones (BEO]) by

finite Darboux transform.
One step:

T=BA+X Ayl =0b —wy), Bly] = by — wy),
TP = A, PO
T=AB+ )\
7APO) = X, AP

AP = pl1

(s Darboux transforms: A,pF Y =: pl)



Examples.(Gomez-Ullate, Marcellan, Milson JMAA (2013))

Jacobi differential operator:
Tlyl=(1—-2?)y'+(B-a—(a+B8+2)2)y =-n(n+a+B+1)y
with eigenfunctions P[ I — p% )

Alyl = (1 — 2)ply Py + (m — a)ply @Dy, Blyl = <1+x>py(t<61)+5>y>
T=BA—-(m—-—a)(m+5+1)
a=1,8-1), (a.8)

M =1 = 2)pl P DY — (o — m)ply

(=) A(14a) "+
(i )2

{P,,EF]} OS on [—1,1] w.r.t.



Further properties.(Gomez-Ullate, Kasman, Kuijlaars, Milson, Miki, Odake,
Sasaki, H. 2013-2019)

- deg P7[LS] > n. If deg RLS] = n+ m, PF,LS] has n regular zeros in I, m
exceptional zeros out of I.

- Recurrence relations:
(1) with variable dependent coefficients: (L > 2 depends on the number

of Darboux transforms.)

L-1] _ = (L], pli—1]
n = ), maa(@) P
k=—1

(2) with constant coefficients: (L > 2 depends on the codimension.)



Reminder to ordinary orthogonal polynomials

- If the recurrence coefficients a,, — a > 0, b, — b, then
1

bt 2a o btoa TR

Un %wa,b(x) —

(Van Assche)
- suppp C C(0,1) or suppu C [—1,1] + Szegd condition, then

Mn — He-
(Maté, Nevai, Totik)

- Szegd condition fulfils on a subinterval 4+ "regularity” (Stahl, Totik)

- On arcs, curves (V.Totik)

- Compact sets (regular to the Dirichlet problem) (B. Simon)
(tn, — vn) 0.

- Real OP ensembles having 3-term recurrence relation (A. Hardy)



Asymptotics of Recurrence Coefficients
One-step Darboux transform case.

P,,[f] ®© . ONS I w.r.t. W := B0 ywo=Laguerre/Hermite/Jacobi
n=0 b2 0

weight. Assume that b has simple zeros, 7 =

Q)= [b deg@=1,

]

U, k (Odake):
1 0 .
BQPM = S h—_1 an,kpvgjik’ = upg = 5




/ ~
BQPM = b (P) - g Pl + (M — QP

/
peﬁﬂ = A,P%, + B,P¥ + C, P

b(z) = Yo diat, (Fg)(z) = Ypy cxa®

BQPM = 40 Y- di («"PI% ) + Ca Y di (P,
k=0 k=0

N—

~

Ap — A
k

—|— (Bndo — CQO —|— Z (Bndk — CL —|—

dk—l) ZCk—|-
k=1

<~ dm - 0
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Xm Jacobi polynomials

The limit of the recurrence coefficients: an — 5,  bp — O.

1 1 =
QP =SF L u, kP B(e) = S dyet
liMy,— 00 Up,j =. Um

Proposition.(H.)

( m—I—l]
[ 2 dop—1(2p\ 1 ¢ (4]
Ujj) = S pmmax(i,1} 35 (o) 250 1 il = 21

(%] dop (2p4+1\ 1 e .
Zp=i 2p%|1-01( zzjl )22p+1’ it |jl =20+ 1.

\



Exceptional Jacobi Polynomials of Codimension 1

b(e) = diw 4 do, K. (z,y) := Y15 P (=) P (y),
W () i= W, ) () = (1 - a?) S50

1 1 1

duny(z) = —Kn(z,2)W(x)dx due(x) = w(x)dxr = — dx

N 1 — 22

Theorem(H)
lim =
N—00 HN He

on [—1,1], in weak-star sense.

Lemma(H) For all k=0,1,...

n—oo

im (@ P, Py = [ Qe



" Average Characteristic Polynomial”

{Pn};f:o ordinary or exceptional ONS, Ky (x,y) as above, Q: QFP, =
L

x1,...,xxn-. random variables, the joint probability distribution on RV

N
on(z1, .. an) = c(n, N) det |Kn(zi, z)|i=1 [ W (=),
1=1

c(n, N): normalization factor. Expectation E refers to g.



Empirical distribution:

Let f: T —R (1)

E ( > f(wil)---f(fl?ik))

i1 iy

k
= c(n,k) [, f(@1)... f(@) det | Kn(oi,zp)lf = T dpta)
1=1
Specially: k=1 n=N

B ([ tan) = [ 1@ KnGe,W @de = [ fduy



~ 1
iy = 42N 1600

The modified average characteristic polynomial:

.

1=

N
xn(2) == xn(2)%() =E (H (z - Q(fci))> -
1

z; the zeros of xn(2)

Theorem.(H)
If there is a B such that |u, ;| < B for all n,j, then for all [ >0

lim |E (/ a:ldﬁN(x)> — /a:ldz/N(a:)‘ = 0.

N —00



- f(x) = [ Kn(2,0) f@)du(t), M : f(z) — Q(z)f(x)

Lemma.(H)

E ( / wldﬁN(x)> = %Tr(vale),

1
] B l
/x dvy(x) = —NTr ((WNMT‘-N) > :
Let z; = Q(y;), 'y = %vazl Oy

Corollary.(H)
In X,, Jacobi case for all { > 0

lim
N—=o0

1
/_  Qlduy — / Qldiy| = 0.




