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Some notation

f : Rn → R even continuous

f̂ (y) =
∫

Rn f(x)e2πi〈x,y〉 dx the Fourier transform

f(x) = f(|x|) radial functions

f̂ (|y|) = Cn|y|1−
n
2

·
∫∞
0 f(t)Jn

2
−1(2π|y|t)t

n
2 dt

the Fourier transform of f(|x|)

Jα the Bessel function

qα,1 < qα,2 < . . . positive zeros of Jα

compact supp f̂ bandlimited functions

f̂ ≥ 0 (distributional) positive definite functions

rapidly decreasing smooth f Schwartz functions

B(x, r) the Euclidean ball
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Sphere packing problem
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The center sphere packing density

δn = lim sup
R→∞

NR

(2R)n
,

where

NR = max
{
N : ∃ {xi}N

1 ⊂ [−R,R]n, |xi − xj | ≥ 2, i 6= j
}
.

δn = δn(P∗), P∗ the densest packing
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Linear programming (Delsarte) bound
Let R� 1 and f be a positive definite Schwartz functions s.t. f̂(0) = 1 and
f ≤ 0 outside of B(0, 2) (Fig. 1).

Consider

fper(x) =
∑

ν∈Zn

f(x+ 2Rν) =
1

(2R)n

∑
µ∈(2R)−1Zn

f̂ (µ)e2πi〈x,µ〉.

Then

NR∑
i,j=1

fper(xi−xj)



f ||x|≥2≤0

≤
NR∑

i=j=1

fper(xi − xj) = NRfper(0)
f ||x|≥2≤0

≤ NRf(0)

=
1

(2R)n

∑
µ∈(2R)−1Zn

f̂ (µ)
∣∣∣∣NR∑
j=1

e2πi〈xj ,µ〉
∣∣∣∣2 f̂≥0, f̂(0)=1

≥ N2
R

(2R)n

.

DG (2000, bandlimited functions), H. Cohn and N. Elkies (2001).

Thus,

δn ≤ δLP
n := inf

{
f(0) : f̂ ≥ 0, f̂(0) = 1, f

∣∣
Rn\B(0,2)

≤ 0
}
,

where one can assume f, f̂ ∈ L1(Rn).
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Fig. 1: δLP
n
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Known results

δ1 = δLP
1 Z

δ2 A2 L. Fejes Tóth (1953) (?= δLP
2 )

δ3 fcc T. Hales (1998–2006, Kepler conjecture)

δ8 = δLP
8 E8 M. Viazovska (2016, via modular forms)

δ24 = δLP
24 Λ24 H. Cohn, A. Kumar, S. Miller,

D. Radchenko, M. Viazovska (2016)
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The Turan problem
Note that the problem

inf
{
f(0) : f̂ ≥ 0, f̂(0) = 1, f

∣∣
Rn\B(0,2)

�≤
= 0

}
now is known as the Turan problem (Fig. 2).

The function f∗(x) = χB(0,1)∗χB(0,1)

vol (χB(0,1))
2 is extremal.

C. Siegel (1935, Minkowski’s theorem),

J. Holt, J. Vaaler (1996, one-sided approximation), DG (2001),
M. Kolountzakis, Sz. Révész (2003), V. Arestov, E. Berdysheva (2001,
polytops),

DG, V. Ivanov, A. Manoshina, Yu. Rudomazina (d = 1),

G. Bianchi, M. Kelly (2014, the Blaschke–Santalo inequality and the
Mahler problem),

E. Hlawka (1981), DG, С. Тихонов (2018, the Wiener problem).
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Fig. 2: Turan problem
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Uncertainty principles of Bourgain, Clozel, and Kahane

J. Bourgain, L. Clozel, and J.-P. Kahane (2010) [BCK10],

F. Gonçalves, D. Oliveira e Silva, and S. Steinerberger (2017) [GOS17],

H. Cohn and F. Gonçalves (2017) [CG17].

Let f, f̂ ∈ L1(Rn) \ {0}. Find

sup{|x| : f(x) < 0} · sup{|x| : f̂(x) < 0} → inf
f(0)≤0, f̂(0)≤0

=: A+
n

([BCK10])

sup{|x| : f(x) < 0} · sup{|x| : f̂(x) > 0} → inf
f(0)≥0, f̂(0)≤0

=: A−n

([CG17])

(Fig. 3, 4).
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Fig. 3: A+
n
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Fig. 4: A−
n
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Known results

There exists the radial extremal
functions f s.t.
f(0) = f̂(0) = 0 and
f̂ = ±f (A±n )

[GOS17], [CG17]

n
2πe < A+

n < n+2
2π [BCK10]

0.2025 ≤ A+
1 ≤ 0.353 [GOS17]

A+
12 = 2 [CG17]

A−n ≤ 4 (δLP
n )2/n [CG17]

n
2πe ≤ A−n ≤

0.6409...n(1+o(1))
2π [CG17] (using

Kabatiansky–Levenshtein
bound)

A−1 = 1, A−8 = 2, A−24 = 4 via δLP
n
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One-sided approximation by positive definite functions
H. Cohn and M. de Courcy-Ireland (2018, discrete energy of a packing P):

ρf̂(0)− f(0) → inf, f̂ ≥ 0, f(x) ≤ ψ(|x|).

The potential ψ(
√
r) completely monotonic and ρ > 0 is the density of P.

They considered the following radial function:

|x|1−n
2 Jn

2−1(|x|)
(1− |x|2

q2
1

) . . . (1− |x|2
q2

m+1
)

(qk are positive zeros of Jn
2−1),

and proved that this function is positive definite.

Note that ψ = χ[0,2] =⇒ δLP
n .

M. Gaál and Sz. Gy. Révész (2019):

Cn = inf C, f ≤ Cχ[0,1] − χ[0,2] =⇒
∫

B(0,2)

ϕ ≤ Cn

∫
B(0,1)

ϕ,

where ϕ, ϕ̂ ≥ 0.
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Our main purpose has been complete solving of the generalized A±n -type
problems for bandlimited functions.

16 / 29



Some historical background: Trigonometric polynomials

V. Arnold (1996): Let

tn =
∑

1≤|k|≤n−1

cke
2πkx, tn(x) ≤ 0, x /∈ [a, b] =⇒ b− a ≥ 1

n
.

A. Babenko (1984):

inf mes {x ∈ T : tn ≥ 0} =
1
n
.

V. Yudin (2002): tk,n =
∑

k≤|j|≤n−k cje
2πjx,

t∗n,k(x) =
(cosπnx)2

(cos 2πx− cos 1
2n) . . . (cos 2πx− cos 2k−1

2n )
.
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Logan’s problems
Problem 0: Find the smallest λ0 > 0 s.t. that f(x) ≤ 0, x > λ0, where

f(x) =
∫ 1

0
cos (2πxt) dµ(t), dµ ≥ 0, f(0) = 1.

Logan showed that admissible functions in Problem 0 are integrable,
λ0 = 1/2, and the unique extremizer is f0(x) = (cos (πx))2

1−(2x)2
satisfying∫

R f(x) dx = 0.

Problem 1: Find the smallest λ1 > 0 such that f(x) ≥ 0, x > λ1, where
f is a integrable function from Problem 0 s.t.

∫
R f(x) dx = 0.

It turns out that admissible functions are integrable with respect to the
weight x2, and λ1 = 3/2. Moreover, the unique extremizer is
f1(x) = (cos (πx))2

(1−(2x)2)(1−(2x/3)2)
satisfying

∫
R x

2f(x) dx = 0.

It is natural to continue and consider the following problems.
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Logan m-problem

Let m = 0, 1, 2, . . .. Find

sup{|x| : (−1)mf(x) > 0} · sup{|x| : x ∈ supp f̂ } → inf =: Aband
n (m),

where the infimum is taken over all nontrivial positive definite bandlimited
functions f s.t. if m ≥ 1, then f ∈ L1(Rd, |x|2m−2 dx) and∫

Rd

|x|2kf(x) dx = 0 for k = 0, . . . ,m− 1.
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Logan (m, s)-problems

Let m, s = 0, 1, 2, . . . . Find

sup{|x| : (−1)mf(x) > 0} · sup{|x| : x ∈ supp f̂ } → inf =: Aband
n (m, s),

where the infimum is taken over all nontrivial even bandlimited functions
f ∈ L1(Rd, |x|2m dx) s.t.{∫

Rd |x|2kf(x) dx = 0, k = 0, . . . ,m− 1,∫
Rd |x|2` f̂ (x) dx = 0, ` = 0, . . . , s− 1,

and∫
Rd

|x|2mf(x) dx ≥ 0,
∫

Rd

|x|2sf̂ (x) dx ≤ 0

(Fig. 5).
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Fig. 5: Problem Aband
n (m, s)
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Interrelation between A±
n and Aband

n (0, 0)

If m = s = 0, then

Aband
n (0, 0) = inf

f(0)≤0, f̂ (0)≥0
sup{|x| : f(x) > 0} · sup{|x| : x ∈ supp f̂ }.

Therefore, A±n ≤ Aband
n (0, 0).
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Theorem 1

One has Aband
n (m) = qm+1

π , where qk denotes k-th positive zero of Jn
2
−1.

The function

(
|x|1−

n
2 J n

2 −1(|x|)
)2(

1− |x|2
q2
1

)
...
(
1− |x|2

q2
m+1

) is the unique extremizer up to a positive

constant.

Moreover, this function satisfies
∫

Rd |x|2mf(x) dx = 0.

In the case m = 0, 1 this theorem was proved by DG (2000).
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Theorem 2
One has Aband

n (m, s) =
q n

2 +s,m+1

π , Jα(qα,k) = 0, α = n
2 + s.

Each extremizer f(x) has the form r(x) · fα,m(|x|), where

fα,m(t) =

(
|x|−αJα(|x|)

)2(
1− |x|2

q2
α,1

)
. . .

(
1− |x|2

q2
α,m+1

)
and

r(x) =
s+1∑
j=0

|x|2s+2−2jh2j(x) ≥ 0, |x| ≥ qα,m+1,

h2j(x) are even harmonic polynomials of order at most 2j s.t. h0(0) > 0,
h2(0) = . . . = h2s+2(0) = 0.

Moreover,
∫

Rd |x|2mf(x) dx =
∫

Rd |x|2sf̂ (x) dx = 0.

This theorem again implies that A+
n ≤

q n
2 ,1

π = n+O(n1/3)
2π as n→∞.
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Idea 1 of proof. Extremal quadrature formulas
The case δLP

8 : Consider the Korkine–Zolotareff lattice E8. Using
self-duality of E8 and the Poisson summation formula with a radial
Schwartz function f , we obtain
∞∑

k=0

Nkf(
√

2k) =
1√

detE8

∞∑
k=0

Nkf̂ (
√

2k),

where positive integers Nk associated with modular forms. Thus,

f(0) ≥ (detE8)−1/2f̂ (0) if f̂ ≥ 0 and f(t) ≤ 0 for t ≥
√

2.

Construction of the extremal functions needs the theory of modular forms.

Our case: We use∫ ∞

0
f(t)t2α+1 dt =

r−1∑
l=0

αl,rf
(2l)(0) +

∞∑
k=1

γk,rf
(2qα+r,k

τ

)
, γk,r > 0.

R. Ghanem and C. Frappier (1998).
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Idea 2 of proof. Positive definiteness of the extremizer. A

Let gα,m(|x|) = |x|−αJα(|x|)(
1− |x|2

q2
α,1

)
...

(
1− |x|2

q2
α,m+1

) .

H. Cohn, M. de Courcy-Ireland (2018) proved positive definiteness of gα,m in the
case α = n

2 − 1 using

lim
n→∞

P
(α,α)
n

(
1− t2

2n2 + o(n−2)
)

P
(α,α)
n (1)

= Cαt
−αJα(t)

and the fact that P (α,α)
n (z)

(z−r1,n)...(z−rk,n) is a linear combination of

P
(α,α)
0 (z), . . . , P (α,α)

n−k (z) with nonnegative coefficients for each k ≤ n, where

r1,n > . . . > rn,n are zeros of the Jacobi polynomial P (α,α)
n (z)

The case k = 1 corresponds to Christoffel—Darboux formula, the case k = 2 was
given by DG and V. Ivanov (2000), and the case k ≥ 1 by H. Cohn and
A. Kumar (2007).

We extend the Cohn–Kumar approach involving the Bessel translation operator.
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Positive definiteness of gα,m. B

We found a direct way to prove positive definiteness of gα,m using Sturm’s
theorem on zeros of linear combinations of eigenfunctions of
Sturm–Liouville problem.

First, we show that the Fourier transform of gα,m can be expressed via a
linear combination of Bessel functions {t−αJα(qkt)}∞k=1 =: Φ, t ∈ [0, 1].
Moreover, this combination has a zero of sufficiently large order at t = 1.

Then we prove the fact (probably new) that the system Φ forms
Chebyshev systems on [0, 1). It means that any nontrivial linear
combination P (t) =

∑n
k=1Akϕk(t) has at most n− 1 zeros (counting

multiplicity) on [0, 1).

To prove this we use the following deep Sturm’s theorem.
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Sturm’s theorem (Sturm, 1836; Liouville, 1836)
Let {Vk}∞k=1 be the system of eigenfunctions associated to eigenvalues
ρ1 < ρ2 < . . . of the following Sturm–Liouville problem on [a, b]:

(KV ′)′ + (ρG− L)V = 0,

(KV ′ − hV )(a) = 0, (KV ′ +HV )(b) = 0,
where G,K,L ∈ C[a, b], K ∈ C1(a, b), K,G > 0 on (a, b), h,H ∈ [0,∞] and ρ
denotes the spectral parameter.

Then for any nontrivial real polynomial of the form

P =
n∑

k=m

AkVk, m, n ∈ N, m ≤ n,

we have

m− 1 ≤ |{t ∈ (a, b) : P (t) = 0}| ≤ n− 1.

In particular, every k-th eigenfunction Vk has exactly k − 1 simple zeros in (a, b).

This theorem is well known for trigonometric system as the Sturm–Hurwitz
theorem.

P. Bérard and B. Helffer (2017).
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Thank you for your attention!
Questions?
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