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An error characterization

@ |1Baf 1 ~ K(F.n™")
3 K(f,t):= inf <|f— t|le?9”
© (=it {IF =gl +tle*g"l}

() == v/x(1 = x)

The converse inequality: Knoop and Zhou (1994); Totik (1994)
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First derivative

H. Berens and Y. Xu (1990), Gonska and Zhou (1995):

@ [(Bofy — £l ~ Ka(f. ")

Ki(f — inf f—a 2 1y
(5) (0= inf {IF - g+ iRl
6 K(f,t):= inf <|f— te?g"
©®) (1= it {IF =gl + gl }

o(x) = /x(1 = x)
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The direct estimate

Let: 1 <p<oo, w(x):=x"(1—x)",

—1/p<v,11<s—1/p if 1<p<oo
0<v,71 <8 if p=occ.

Then Vfe C[0,1]: fe ACE 1(0,1), wf(®) € L,[0,1] and

loc
VneN =
@ W(BNE — )y < cKs(FD, .
(s) - ; (s) _ H(8) 2
Ko(, Oupi= _inf 1w = g+t w(e2g") )
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A strong converse inequality

Theorem
Let: 1 <p<oo, w(x):=x7(1—x)"

—1/p<v,11<s—1/p if 1<p<oo
0<90,m <s if p=oo.

Then Vfe C[0,1]: fe ACS.'(0,1), wf® € Ly[0,1] and
vneN =

Ko(F), g < € (IW((BAN)®) — )| + [ W((Bra) — )

R —independent of f and n
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A simpler form of the characterization |

1<p<oo, —1/p<r,m<s—1/p

Wi(fa n_1/2)w,p + w1 (f, n’ Jwp, S=1

8) Ks(f,n Mwp ~
2 —1/2 1

wo(f,n %) wp + n | wf]|p, s>2

p=occ and w=1
9)
W2 (F,n72) e + wi(f,n "), s=1

KS(f7 n_1)1,oo ~ 1
B P+ wr(Fon oo + — [Ifoe § 22
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A simpler form of the characterization |l

The Ditzian-Totik modulus, 1987:

2 A2
wi(f, t) = sup ||ATfl,
o510 och<t ¥

where

(10) A%, f(x)

. f(x + ho(x)) — 2f(x) + f(x — ho(x)), x =+ hp(x) € [0,1],
"o, otherwise.
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Direct estimates—the unweighted case

WE(F',n7V2) +wi(F,n7), s=1
1(Baf) -] < ¢

W (£, n71/2) 4wy (9, n7") + 15 1)), s=2
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Integer Bernstein polynomials

12 B =Y [f <’;> (z)] V(1 —

k=0
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The approximation rate

fe C[0,1], £(0),f(1) € Z:

(13)

1 ~ 1 1
1 20F —1/2 0,e 1/D
c <w¢(f,n /2y 4 n) < |1Ba(f)—fll+- < c (%(f,n /2y | n)
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Converse estimates

Simultaneous approximation |

Let:
e fe C°0,1];
e f(0),f(1),f(0),f(1)ez;
o fN0)=fN1)=0, i=2,...,5;
@ There exist ny € N such that

f(i) 2f(0)+%f’(0), k=1,...,8, n>ng,
f(f}) 2f(1)—<1—k> f(1), k=n-s,....n—1, n> ng.

n n
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Simultaneous approximation |

Then for n > ng there holds

[CRORESR

’
wi(f', 12y w(f,n 1) + = s=1,

<c
1

WB (), n™12) 4wy (119, n~ ) + 15 )+ s>2

The constant ¢ is independent of f and n.
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Another integer Bernstein polynomial

(14)  Bo(f)(x) = En: <f <z> <Z> > (1 x)1 K

k=0

(o) — the nearest integer; tie-breaking rules:
@ Round half up/down;
@ Round half towards/away from zero;
@ Round half to even/odd,;
@ Random half-rounding.

(15)
1 ~ 1 1
c <w¢(f,n / )+ n) < HBn(f)—fH"i‘E <c (ww(f’n 1/2)Jr n)



The direct estimate
Integer Bernstein polynomials Necessary conditions

Converse estimates

Simultaneous approximation by B,
Let:
e fe C3[0,1];
e £(0),f(1), f(0),f(1) € Z;
e fN0)=fN1)=0, i=2,...,s

Then for n > 1 there holds

|(Ba(1))®) = 1]
wi(f’,n‘1/2)+w1(f’,n‘1)+1, s=1,

=¢ " 1 1

GBS B 4y (9 n ) + ) 4 s> 2.

The constant c is independent of f and n.
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Necessary conditions |

(16) lim [[Bn(f) —f| =0 and (Bn(1))® — 9| =0

lim ||
n—oo

imply
o f0(0),fN1)ez, i=0,...,s;
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lim ||
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Necessary conditions Il

(17 IBa(f) — f|l =0 and (Ba(f))® — )] =0

lim ||
n—oo

) Jim,
imply
o f(i)(o), f(i)(1) €Z, i=0,...,s;
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Necessary conditions Il

(17 IBa(f) — f|l =0 and (Ba(f))® — )] =0

lim ||
n—oo

L
imply

o f(i)(o), f(i)(1) €Z, i=0,...,s;
o f0(0) = (1) ]
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Necessary conditions Il

(17)  lim [|Bn(f) ~f| =0 and (Bn(1))® — 9] = 0

lim ||
n—oo
imply

o f0(0),fN1)ez, i=0,...,s;

o fN0)=fN1)=0, i=2,...,s;

@ there exists ny € N such that
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Converse estimates

Let:

e fe C5[0,1] and f(0),f(1) € Z;

@e0<a<x1and
I(Ba(M)©® — O = O(n) or ||(Ba()S — || = O(n~).
Then

WE(f), ) = O(M?*) and  w (%), h) = O(h").
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An equivalence relation

Under the assumptions for the direct estimate, we have

I(Ba(£) — ) = O(n~)

= WA(f h) = O(RP*) and w(f),h) = O(h")

O<a<1




Form 1
Form 2

Integer Kantorovich polynomials

Kantorovich polynomials with integer coefficients |

n k+1

(18) Knf(x) := Z(n+1)/:“ £(t) dt P x(X).

k=0 n+1
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Kantorovich polynomials with integer coefficients 11

) K() = (Bt FOOY. FOO= [ “Htyat

(21)

Kol 1)) = (Baia (F)(x))

- <(k+1)
k=0

—(n—k+1)

3 7 N

k+1

/O"“ (1) at (Zﬂ)
/O”i‘ f(t)dt(n?(ﬂ)

> xK(1 = x)"=k
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Kantorovich polynomials with integer coefficients 11l

Assuming:

]
(22) f(0),f(1) € Z; / f(t)dt € Z;
0

1

(23) n/01/nf(t)dt2f(0); n/1 f(£) dt < f(1).

—1/n

Then

(24) IKn(f) — f|| < <w§(f, Y2y 4w (f,n 1) + 1) .
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THE END
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Jackson-type estimates |

Let: 1 <p< oo

-1/p<7,711 <5
s’ ;= max{s, 2}.

Then Vfe C[0,1]: fe ACSt'(0,1), and VneN =

loc

Cc ’
Iw(Baf = Nl < = (o + [ wee 142 )
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Jackson-type estimates Il

A

Let s’ := max{s,2}.

Then Vfe C[0,1]: fe ACSt'(0,1), and VneN =

loc

1(Bf = oo < = (IF Moo + 1 o + 2 D)o )
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Kantorovich operators—the direct estimate

A

Let: 1 <p< oo

-1/p<v,11<s+1-1/p if 1<p<oo
0<v,11<s+1 if p=oc.

Then Vfe Ly[0,1]: fe ACS '(0,1), and YneN =

loc
(25) Iw(Kaf = £)Op < ¢ Ks 1 (F), 07w p.
(s) = () _ g(s) 2q/)(s+1)
Ko (19 Oupi= _inf (1w =gl + tlw(eg) 1
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Kantorovich operators—a strong converse inequality

Theorem
Let: 1 <p< oo

—1/p<v,11<s+1—-1/p if 1<p<x
0<v,11<s+1 if p=oc.

Then Vfe Lp[0,1]: fe ACS.'(0,1), wf® ¢ Ly[0,1] and
vneN =

Kot (F), 1Yo < & (IW(Knf — N o+ [w(Kanf ~ )llp)

R —independent of f and n
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